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12.

A real-valued function f defined on the real line is called an even function if
f (-t) = f (t) for each real number t. Prove that the set of even functions defined on

the real line with the operations of addition and scalar multiplication defined in
Example 3 is a vector space.

Ans.:

Let V denote the set of even functions.

(1) Closure of vector addition:

For all f(t), g(t) in V, define I(t) = f(t)+g(t)

) =f®)+9M) = () +9(-t) =1(-1)

SA) eV

(2) Closure of scalar multiplication:

For each element a in F and all f(t) in V,

a(f)=a(f(-t)eVv

®3)

For all f(t), g(t) in V, f(t)+g(t)=g(t)+f(t) (commutativity of addition)

= (VS 1) holds.

(4)

For all f(t), g(t) and h(t) in V, (f(t)+g(t))+h(t) =f(t)+g(t) +h(t)=F(t)+(g(t)+h(1))

(associativity of addition)

= (VS 2) holds.

(5)

Define w(t) by w(t) = Ofor all t.

w(t)=w(-t)=0



.. w(t) is an even function.

= w(t) eV

For all f(t) in V, f(t)+ w(t) =f(t)+0=f(t).

= (VS 3) holds.

(6)

Define g(t) by g(t)=-f(t)

" g(t)=-f(t)=-f(-t)=g(-t) is an even function.

C.gt) eV

= f(t)+g(t)=f(t)-f(t)=0

= (VS 4) holds.

(7)

For any f(t) inV, 1 - f(t)=f(t)

= (VS 5) holds.

(8)

For each pair of elements a, b in F and any f(t) in V,
(ab)f(t)=a(bf(t))=a(bf (t) )

= (VS 6) holds.

(9)For each element a in F and each pair of f(t), g(t) in V,
a(f(t)+g(t)) = af(t)+ag(t)

= (VS 7) holds.

(10)

For each pair of elements a, b in F and any f(t) in V,
(a+b)f(t)=af(t)+bf(t)

= (VS 8) holds.

According to (1)~(10), the set of even functions is a vector space.

18.

Let V={(a1, a2): a;, a2 ¢ R}. For(as, ay), (b1, b)) ¢ Vandce R, define
(a1, a) + (b, by) = (a1+2by, a,+3by) and c(ay, a2) = (cay, cay).

Is V a vector space over R with these operations? Justify your answer.

Ans.:

(a1, a2) + (by, by) = (a1+2by, ax+3by), (b, by) + (a1, az) = (b1t+2a;, by+3ay)
= (a;+2bs, a;+3by) # (b1+2ay, bo+3a,) , (VS 1) fails to hold.

..V is not a vector space

Sec. 1.3
5.
Prove that A+A' is symmetric for any square matrix A.



Ans.:
Let the entry of A that lies in row i and column j be ajj. Then the entry of A' that lies in
row i and column j is a;.
— The entry of matrix (A+ A") that lies in row i and column j is aj+ a;i. Similarly,
aji+ ajj lies in row j and column i of matrix (A+ A) .
C Ayt ai = ayit ajj
*. The entry of matrix (A+ A") that lies in row i and column j is equal to the entry of
matrix (A+ A) that lies in row j and column i.
— A+ A'is symmetric.

10.
Prove that Wy = {(a1,a,,...,an) eF": aj+a,+...+a, = 0} is a subspace of F", but W, =
{(ar,az,...,an) eF": aj+ax+...+a, = 1} is not.
Ans.:
)
(i) For any two vector x=(X1, X2,..., Xn) and y=(y1, Y2,..., Y¥n) in Wy,
X1+ Xot+...+X, =0
yi+Yyot+...+yn =0
X+y=X+Yy,X2+ V2,00, Xnt Vi)
= (Xa+yy (X2 + y2)+...+ (Xa + Yn)
=(Xg+ Xot...t X)) H(yr+ Y2 +...t Y
=0
S X+yeW;
(i) Forany ceF
cX = ¢(X1, X2,...,Xn) = (CX1, CX2,..., CXp)
— CX1+CXo+...+CXy = C(Xp+Xo+...+X) =Cc - 0=0

.exeWs

(iii) For zero vector z = (0,0,...,0) ¢F"
°0+0+...40=0
S.zeWp

Base on (i), (ii) and (iii), W, is a subspace of F".

)

(i) For any two vector x=(X1, X2,..., Xn) and y=(y1, Y2,..., ¥n) in Wo, then
X1+ Xo+...#Xp =1
yit+yot.. Ay =1
X+Yy =X+ Y1, X2+ Y2,..., Xn+ Yn)

= (Xetyi)+ (X2t y2)++ (Xn+ Yn)



=(Xp+ Xt t X))+ (Yt Y2+t V)
=1+1=2+#1
SX+y g Wo
(ii) For any ce F is a constant
cX = ¢(X1, X2,...,Xn) = (CX1, CX2,..., CXp)
— CX1+CXo+...+CXy = C(Xg+Xo+...+X) =C - 1=¢C

cXe W,

(iii) For zero vector z = (0,0,...,0) ¢F"
L 0+0+...+0=0+#1
S.ZgWh

According to ether (i) or (ii) or (iii), W- is not a subspace of F".

19.
Let Wy and W, be subspaces of a vector space V. Prove that W1 U W, is a subspace of
V if and only if Wiy =W, or W = W,
Ans.:
(<) Suppose W1 =W, or W, = Wiy, then Wi UW,= W, or Wi,
"."W, and W1 are subspace of V.
W3 UWs; is a subspace of V.
(=) Assume W1 U W, is a subspace of V:
Suppose that neither Wy = W, nor W, = W; is true.
We can find two vector x and y which satisfy xe W1, xg Wz and ye Wy, y ¢ W,
(x#y=0).
XeWiandye W,
Jxandye Wi UW,
"W UW,is a subspace of V
SXtyeWiUW,
= XtyeW;orW,

a)

Suppose x+y e Wi:

' XeW;

CoXxeWs

= (x+Y)+(-X) e W1= yeW; = conflicting
b)

Suppose x+y e W,

yeW

SoyeW,



= (x+y)*+(-y) e W2= xe W, = conflicting
— The assumption of “neither Wy = W5 nor W, = W4 is true ” fails.
S WicWoor Wo o Wy
Base on (i) and (ii), W1 U W, is a subspace of V if and only if Wi =W, or W, 5 Wy,
Q.E.D.

Sec. 14

5.

In each part, determine whether the given vector is in the span of S.
(b) (-1, 2,1),S={(1,0,2), (-1,1,1)}

o5 F A Je g

Ans.:
(b) (-1, 2, 1) isn’t in the span of S because there are’t any solution for
a(1,0,2)+b(-1,1,1)=(-1, 2, 1)

1 2| . 1 2 1 0 01 11
@) is in the span of S because =3 + 4 _2
-3 4 -3 4 -1 0| |0 1] o 0

13.

Show that if S; and S; are subsets of a vector space V such that S; = S, then span(S;)
cspan(Sy). In particular, if Sy S, and span(S;) =V, deduce that span(S,) = V.
Ans.:

(A)

Suppose that S, ={x, X,,...,X,,} IS asubset of a vector space V

— Span(S;) and Span(S,) are subspace of V

For all xe Span (S1), X=aX +a,X, +...+a,X,

5SS

SoAX X X 1€ Span(S,)

= X=aX +aX, +..+a,X, €S,

—Span(S;) < Span(Sy)

(B)

According to (A), if S;c S, then Span(S;) < Span(S,).

" Span(S;) =V

= V< Span(Sy)

According to Theorem 1.5,

if S, is a subset of the vector space V then Span(S;) cV

..Span(Sy) =V



