Solution 2

Sec. 1.5
1.5.5. Show that the set {1, x, X*,..., X"} is linearly independent.
Ans.:

For{1, x, X*,..., X"}, the only solution of a;x+ a,x*+...+ ax"= 0 is a;=a,=...=a,=0
={1, X, X%,..., X"} is linearly independent

1.5.9. Let u and v be distinct vector in a vector space V. Show that {u, v} is linearly
dependent if and only if u or v is a multiple of the other.

Ans.:

(=)

Suppose {u, v} is linearly dependent, then a-u+b-v=0, wherea#0or b+0

=a-u=-b-v

= Ifa+#0,then u=(-b/a)-v. Otherwise, b0, thenv=(-a/b)-u

= u or v is a multiple of the other

(<)

Suppose u or v is a multiple of the other, then u=c-v or v=d-u

= u-c-v=0 or d-u-v=0

For a-u+b-v=0, we can find at least one nontrivial solution (a,b) = (1,—c) or

(d,-1)

= {u, v}is linearly dependent

Q.E.D.

Sec. 1.6

1.6.2. Determine which of the following sets are bases for R.
©{1,2-1),(1,0,2),(21,1)}

Ans.:

"."The only solution of a(1, 2, -1)+b(1, 0, 2)+c(2, 1, 1)=0is {a, b, c}={0, 0, 0}

-1, 2,-1), (1,0, 2), (2,1, 1)} is linearly independent

*."dim(R®) = 3 = the number of vectors in the set {(1, 2, -1), (1, 0, 2), (2, 1, 1)}

According to Corollary 2 of Theorem 1.10, {(1, 2, -1), (1, 0, 2), (2, 1, 1)} is a basis of

R®.

1.6.3. Determine which of the following sets are bases for P»(R).
(c) {1-2x-2x%, -2+3%-X%, 1-x+6x°}
Ans.:
" The only solution of a(1-2x-2x?)+h(-2+3x-x?)+c(1-x+6x%)=0 is a=b=c=0



S {1-2x-2%, -2+3%-x%, 1-x+6x°} is linearly independent.

*."dim(P2(R)) = 3 = the number of vectors in the set {1-2x-2x%, -2+3x-x?, 1-x+6x°}
According to Corollary 2 of Theorem 1.10, {1-2x-2x?, -2+3x-x?, 1-x+6x°} is basis for
P2(R).

1.6.12. Let u, v, and w be distinct vectors of a vector space V. Show that if {u, v, w} is
a basis for V, then {u+v+w, v+w, w} is also a basis for V.

Ans.:

If {u, v, w} is a basis for V, then the only solution for au+bv+cw=0 is a=b=c=0

Now, we want to find the solution of a;(u+v+w)+b;(v+w)+c;w = 0

=aiu+ a;v+ aw+ byv+ byw+ cqw =0

=aju+(ayt+ b)) v+(ar+ bi+c))w=0

the only one solution is a;= a;+ b;= a;+ b;+ ¢;=0

—ai= b= ¢;=0

.".the only one solution of a; (u+v+w)+bs(v+w)+c;w = 0 is a;= b;= ¢;=0

= {u+v+w, v+w, w} is linearly independent

"."dim(P2(R)) = 3 = the number of vectors in the set {u+v+w, v+w, w}

According to Corollary 2 of Theorem 1.10, {u+v+w, v+w, w} is also a basis for V.

Q.E.D.

1.6.14. Find bases for the following subspaces of F>:
Wi = {(ay, az, as, as, as) € F°: a;-az-a,=0}
and
W, = {(a1, 8z, as, as, as)e F°: a, = a3 = a4 and a;+as = 0}.
What are the dimensions of W; and W, ?
Ans.:
(A)
ForanyveW,, v=(a,,a,,8;8,,8) = (a,8,,8;,a —a;,a;)
=a,(1,0,0,0,0) +4a,(0,1,0,0,0) + &,(0,0,1,0,0) + (a, — &,)(0,0,0,1,0) + a;(0,0,0,0,1)
=a,(1,0,01,0) +4a,(0,1,0,0,0) + a,(0,0,1,-1,0) + a,(0,0,0,0,1)
.*{(2,0,0,1,0), (0,1,0,0,0), (0,0,1,-1,0), (0,0,0,0,1)} is linearly independent.
.".The basis set for W, is {(1,0,0,1,0), (0,1,0,0,0), (0,0,1,-1,0), (0,0,0,0,1)},
dim(W,)=4
(B)
ForanyveW,, v=(a,a,a,8,,8;) = (2,,8,,a,,a,—a)
=4a,(1,0,0,0,0)+4,(0,1,0,0,0) +4a,(0,0,1,0,0) + &,(0,0,0,1,0) — &,(0,0,0,0,1)
=a,(1,0,0,0,-1)+4a,(0,1,11,0)
.*{(2,0,0,0,-1), (0,1,1,1,0)} is linearly independent.



.. The basis set for W, is {(1,0,0,0,-1), (0,1,1,1,0)}, dim(W,)=2

1.6.31. Let W; and W, be subspaces of a vector space V having dimensions m and n,
respectively, where m=n.
(a) Prove that dim(W,~"W,)<n.
(b) Prove that dim(W; + W,) =m+ n.

Ans.:

(a)

According to Theorem 1.11:

"W, "W, isasubspace of W andW, ,

Sodim(W, A W,) <dim(W,) =n

Q.ED

(b)
“odim(W) =m, dim(W,) =n,
Suppose the basis for W, is{x,, X,,..., X, } and the basis for W, is{y,,¥,...., Y.}
(i)
Foranyp in W,+W,, p=p,+p,, where p,e W, and p, e W,,
then p = (a,x, +a,X, +...+a,X,) +(by, +b,y, +...+b.y,)
= (X +a,X, +...+a,X, +by, +b,y, +...+b.y,)

o peSpan({X, Xy Xy Vs Y2ies Vo)

=W, + W,  SPaN({Xy Xyeve Xy, Yo Ve ¥, )

(i)

Forany q eSpan({X, X,,.... Xy, Yis Yoree0r Yo ) »

then q=ax +a,X, +...+a,X, +b Yy, +b,y, +..+b,y,
= (X +a,X, +...+a,X,)+({Oy +by, +..+by,)
=0, +0q, € W, +W, where ¢, e W,andq, e W,
Span({X,, X, ooy Xps Yir Yoo Yo ) € W, + W,

Base on (i) and (ii), W, +W, =Span({X,, X, .., Xs Y1, Yorees Yo })

= dim(W, + W,) = dim(Span ({X,, X, ..., X, Y1, Yo reees Yo })) S M+N

Q.E.D.



