Solution 3

Sec2.1

2.1.10

Suppose that T: R, - R, is linear, T(1,0) = (1,4), and T(1,1) = (2,5). What is T(2,3)?
Is T one-to-one?

Ans.:

(A)

(2,3) = (-1)(1,0)+3(1,1)

C.T(2,3) = ((1)T(1,0)+3T(2,1) = (-1)(1,4)+3(2,5) = (5,11)
(B)

"."The two vectors (1, 0) and (1, 1) are linearly independent.
=Forany xeR,, x has the form x=a(1,0)+b(1,1).
Suppose that T(x) =0

= T(x)=aT(1,0)+bT(1,1)=0

= a(1,4)+b(2,5)=0

= (a+2b,4a+5b)=0

= (a,b)=(0,0)

The only solution for T(x)=0 is x=(0,0).

= N(T)={0}

.". T is one-to-one.

2.1.16
Let T: P(R) - P(R) be defined by T(f(x))= f (x).Recall that T is linear. Prove
that T is onto, but not one-to-one.
Ans.:
T TOH)=T(2)=0
. N(T)#{0}
= T is not one-to-one.

For any element g(x) in P(R), we can find f (x) :Lg(x)dx in P(R) which

satisfies T(f(x)) = f (x)=g(x)
Cog(x) isin R(T).

. P(R)c R(T)

"R(T) < P(R)

C.P(R)=R(T)

= T isonto.



2.1.21
Let V be the vector space of sequences described in Example 5 of Section 1.2. Define
the functions T, U: V —>V by
T(a,,a,,.)=(a,,a;...) and U(a,a,,.)=(0,4a,a,..).
T and U are called the left shift and right shift operators on V, respectively.
(a) Prove that T and U are linear.
(b) Prove that T is onto, but not one-to-one.
(c) Prove that U is one-to-one, but not onto.
Ans.:
(a)
Letx = (X, X,,...) and y=(Yy,,Y,,...) denote any two vectors in V and c denote a
scalar.
() T(ex+y)=T(CX, + Y;,CX, + Y,,...) =(CX, + Y5, CX5 + Ys,...) = (CX,, CXg,.n) + (V5 Yaoeen)
=C(Xy, Xg,o.) + (Vs Vareer) =CT (X, X5 ) + T(Yy, Ypuen) =CT(X) + T(Y)
. Tis linear.
(i)Similarly,
U(ex +y) = U(ex, + Y, X, + Y,,..) = (0,0% + Y;,CX, + Y,,...) = (0,6X,,€X,,...) + (0, ¥4, ¥y een)
=C(0, X, X,,...) + (0, ¥, ¥,,...) =CU(X, X,,...) + U(Y,, ¥soon) =CU(X) + U(Y)
..U is linear, too.
(b)
TR a,,...)=T(2a,,.)=(3,,a;...)
.". T is not one-to-one.
For any vector Xx=(x;,X,,...) inV,wecanfind y=(x;,X,,..) inV which
satisfies T(y)=x
= xeR(T)
SV cR(T)
R(McV
S.R(M=V
=T is onto.
(c) U(a,a,,...)=(0,a,4a,...)
Clearly, if U(a,,a,,...)=(0,0,0...),then a =a,=...=0
. .N(U)={0}
= U is one-to-one.
“"U(a,a,,..)=(0,a,a,..)
= There are not solution for function U(a,,a,,...)=(2,a,,a,...).
..U is not onto.

2.1.35



Assume the definition of direct sum given in the exercises of Section 1.3. Let V be a
finite-dimensional vector space and T: V — V be linear.

(@) Suppose that V = R(T) + N(T). Prove that V=R(T)® N(T).

(b) Suppose that R(T) " N(T) = {0}. Prove that V=R(T)®N(T).

Be careful to say in each part where finite-dimensionality is used.

Ans.:

(a)

Let the dimension of V be n.

Suppose that v ={v,,v,,...,v,} is a basis for N(T), according to Corollary of
Theorem1.11 in Sec. 1.6, by extending v, we havea ={v,,v,,...,V,,,V v,} which
is a basis for V.

For any vector u in R(T),

u= iaiT(Vi) = iaiT(Vi) + iaiT(Vi) = iaiT(Vi)

i=m+1 i=m+1

={T(Vy).-- T(v,)} generates R(T)

Let B={V,,Vy,... Vo, T(Vipi1 ) T(V,)}

"V =R(T) + N(T)

.".For any vector w=w, +w, e Vwhere w, e R(T) and w, e N(T)

= W= iaivi + Zn:aiT(vi)

i=m+1
S B =V VeV, TV, ), T(V, )} generates V
Because the numbers of vectors in g is n=dim(V).
According to Corollary 2 of Theorem 1.10, £ ={v,,V,,....V,,, T(Vyp,1),--» T(v,,)} s also
a basis for V.
Let x be a vector in R(T) N N(T).
UxeN(T) Cox=av +a,Vv, gV,
UXeR(T) o x=a,,, T(Ve) Fan, T(Ve,) ++a, T(v,)
= aV,+a,V, +..+a,V, =a,,T(Vy,)+an,T(Vy,)+..+a,T(v,)

m+2

m+2

=aV,+a,V, +..+a,V, =8, T(Vy) — 8T (Vo) —.—a,T(v,)=0
VA=V, Ve, T (V) T(V,) Y IS linearly independent.
..Theonly solutionis a, =a,=...=a,=a,,,=2a,,, =..=8, =0 =x=0

=R(T)NN(T) = {0}

According to V = R(T)+N(T) and R(T) " N(T) = {0}, we have V = R(T)®N(T)
(b)

dim(R(T)+N(T))=dim(R(T))+dim(N(T))-dim(R(T) " N(T))

Suppose that R(T) N N(T)={0}, then dim(R(T) " N(T))=0.

= dim(R(T)+N(T))=dim(R(T))+dim(N(T))=dim(V) (Dimension Theorem)
Then, according to Sec. 1.3 exercises 23(a), R(T)+N(T) is a subspace of V.



", R(T)+N(T)=V
According to R(T)+N(T)=V and R(T) "N(T)={0}, we have V=R(T)®N(T).

Sec2.2

2.2.2
Let 5 and 7 be the standard ordered bases for R" and R™, respectively. For each

linear transformation T: R" — R™, compute [TT]}.

(b) T: R* > R® definedby T(a,a,,a,)=(2a,+3a,-a,,a +a,).

AnNs.:
(b)

2 3 -1
[T]Z:[l 0 1}

224
Define

a b
T:M,,,(R) > P,(R) by T(c dj:(a+b)+(2d)x+bx2.

e 30 Y 2 o -

Compute [T];.

Let
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2.2.8



Let V be an n-dimensional vector space with an ordered basis 5. Define T: V — F"

by T(x) =[x],. Prove that T is linear.

Forany y=aXx +a,X,+..+a,X, and z=bz +b,z, +..+b,z, inV, we have

a b,
Ty)=| : |, T(D)=| :
an bn
Let ceF
ca, +h
= T(cy+2z)=T((ca, +b)x +...+(ca, +b )x,) = :
ca, +b,
a) (b
=c|l : |+]| : |=cT(y)+T(2)
a b

n

.. Tis linear.



