Solution 4

Sec2.3
2.3.2(a)
Let

1 1 4 2
1 3 1 0 -3
= = C: =| —
A (2 _J, B [4 . zj’ (_1 5 Oj,and D=|-2

Compute A(2B+3C), (AB)D, and A(BD).
Ans.:

2 0 -6) (3 3 12) (5 3 6
2B+3C= + =
8 2 4) (-3 -6 0/ (5 -4 4
1 3Y5 3 6) (20 -9 18
A(2B+3C)= =
2 -1\5 -4 4) |5 10 8

1 31 0 -3 13 3 3
AB: =
(2 - j[4 1 2 j (—2 -1 —SJ

2
13 3 3 5 |- 29
WBD=| _, _1 _g “l_ 2
3
2
1 0 -3 -7
S
4 1 2 12
3
1 3)Y\-7 29
eor (3 )5
2 -1)\12 - 26
2.3.13
Let A and B be nxn matrices. Recall that the trace of A is defined
tr(A) =Y A
i=1
Prove that tr(AB)=tr(BA) and tr(A)=tr(A").
Ans...
()

(AB)ii = Zn: Ak Bki



(BA)ii = Zn: Bik Aki

tr(AB)= Zn: Zn: Ay By

tr(BA)= o
YYBA=YYAB, = DY AB=YYAB,
v
Q
A, = A

&MM=i%=MM

Sec2.4

2.4.2

For each of the following linear transformations T, determine whether T is invertible
and justify your answer.

(c) T: R—>R’ defined by T(a1,a,,a3) = (3a1-2a3, az, 3a;+4ay).

Ans.:

According to the definition of T,

3 0 -2\aq 3a, —2a,
=T. |0 1 0 |a|= a,
3 4 0 \a 3a, +4a,

We can find a transformation T from R*—>R’ which satisfies

0o - A % 3a, — 23, a
T (3as-2a3, @z, 3a1+4ay) = (a1, az, a3) (| 0 1 0 a, = a, )
—% -2 % 3a, +4a, a,
. Tisinvertible.
24.4

Let A and B be nxn invertible matrices. Prove that AB is invertible and (AB)*=BA™.
Ans.:
"."(AB)(B*AY)=A(B(B'AY)=A((BBHA)=A(IAH=AA"=]
(B'A™) (AB)=B*(A™(AB))=B*(AA)B)=B"'B=I
..AB is invertible and (AB)'=BA™.



2.4.14
Let

a a+b
V:{ }Za,b,CEF
0 c

Construct an isomorphism from V to F*.

Ans.:

) 1 1)(0 1)\(0 0)]. .
We can find , , is a basis for V then
0 0){0 0)\0 1
a a+b 11 01 00
=a +b +C
0 C 00 00 0 1

We define that T is a linear transformation from V to F* (T: V—F3), where

(s 3)-eom. {5 3))-c20. (s 3]0
oG *2)ene

=T is invertible.
— T is an isomorphism from V to F°.

2.4.17
Let V and W be finite-dimensional vector spaces and T: V—W be an isomorphism.
Let V, be a subspace of V.
(a) Prove that T(Vy) is a subspace of W.
(b) Prove that dim(Vo)=dim(T(Vo)).
Ans.:
(@) we define that Oy is the zero vector in the vector space V.
(i) "."Vois asubspace of V.
.0, eV,
"."Tis linear.
.. T(0,)=0,=0,eT(V,)
(i) Let any two vectors X1, Xz in Vo and T(X1)=Yy1, T(X2)=y2€ T(V,) .
Thenlet aeF
"."Vy Is a vector space.
Joax, + X, €V,



= T(ax, +X%,) e T(V,)

= T(ax) + T(x,) e T(V,)

= aTl(x)+T(x,)eT(V,)

= ay, +Y,eT(V,)

According to (i) and (ii), T(Vo) is a subspace of W.

(b) Let B, ={x,X,,...,X,}is abasis of Vo and dim(Vo)=m.

We define y, ={T(x,), T(X,),..., T(X,,)}-

"."T is isomorphism

.. Tis linear and one-to-one.

Suppose that 7, ={T(x,), T(X,),..., T(x,,)} is linearly dependent, then
aT(x)+a,T(x,)+...+a,T(x,)=0 hasnon-trivial solution.

"."Tis linear.

JoaX +a,X, +...+a,X, =0 has non-trivial solution, too.

= By ={X, %,,.... X, } 1 linearly dependent. = conflicting

S 76 ={T(%), T(X,),..., T(X,,)} is linearly independent.

According to Theorem 2.2, T(Vo)=span(y,).

"." 7, Iis linearly independent and the number of the vectorsin y, ism.
.dim(T(Vg))=m.

dim(Vo)=dim(T(Vo))=m.

Q.E.D.



