
Solution 4 
Sec2.3 
2.3.2(a) 
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Compute A(2B+3C), (AB)D, and A(BD). 
Ans.: 
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2.3.13 
Let A and B be nxn matrices. Recall that the trace of A is defined 
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Prove that tr(AB)=tr(BA) and tr(A)=tr(At). 
Ans.:. 
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Sec2.4 
2.4.2 
For each of the following linear transformations T, determine whether T is invertible 
and justify your answer. 
(c) T: R3→R3 defined by T(a1,a2,a3) = (3a1-2a3, a2, 3a1+4a2). 
Ans.: 
According to the definition of T,  
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We can find a transformation T-1 from R3→R3  which satisfies 

 T-1(3a1-2a3, a2, 3a1+4a2) = (a1, a2, a3) (
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∴T is invertible. 
 
2.4.4 
Let A and B be nxn invertible matrices. Prove that AB is invertible and (AB)-1=B-1A-1. 
Ans.: 
∵(AB)(B-1A-1)=A(B(B-1A-1)=A((BB-1)A-1)=A(IA-1)=AA-1=I 
  (B-1A-1) (AB)=B-1(A-1(AB))=B-1(A-1A)B)=B-1B=I 
∴AB is invertible and (AB)-1=B-1A-1. 



 
2.4.14 
Let 
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Construct an isomorphism from V to F3. 
 
Ans.: 
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We define that T is a linear transformation from V to F3 (T: V→F3), where 
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⇒T is invertible. 
⇒T is an isomorphism from V to F3. 
 
2.4.17 
Let V and W be finite-dimensional vector spaces and T: V→W be an isomorphism. 
Let V0 be a subspace of V. 
(a) Prove that T(V0) is a subspace of W. 
(b) Prove that dim(V0)=dim(T(V0)). 
Ans.: 
(a) we define that 0v is the zero vector in the vector space V. 

(i) ∵V0 is a subspace of V.  
∴ 0v V0 ∈  
∵T is linear. 
∴ w0)0T( v = ⇒ )V(T0 0∈w  

    (ii) Let any two vectors x1, x2 in V0 and T(x1)=y1, T(x2)=y2 )V(T 0∈ .  
Then let F∈a  

       ∵V0 is a vector space. 
       ∴ 021 V∈+ xax  



⇒ )V(T)(T 021 ∈+ xax  
⇒ )V(T)(T)(T 021 ∈+ xax  
⇒ )V(T)(T)(T 021 ∈+ xxa  
⇒ )V(T 021 ∈+ yay  
According to (i) and (ii), T(V0) is a subspace of W. 

(b) Let },...,,{ 210 mxxx=β is a basis of V0 and dim(V0)=m. 
We define )}(T),...,(T),(T{ 210 mxxx=γ . 
∵T is isomorphism 
∴T is linear and one-to-one. 
Suppose that )}(T),...,(T),(T{ 210 mxxx=γ  is linearly dependent, then 

0)(T...)(T)(T 2211 =+++ mm xaxaxa  has non-trivial solution. 
∵T is linear. 
∴ 0...2211 =+++ mmxaxaxa  has non-trivial solution, too. 
⇒ },...,,{ 210 mxxx=β  is linearly dependent.⇒ conflicting 
∴ )}(T),...,(T),(T{ 210 mxxx=γ  is linearly independent. 
According to Theorem 2.2, T(V0)=span( 0γ ). 
∵ 0γ  is linearly independent and the number of the vectors in 0γ  is m. 
∴dim(T(V0))=m. 
dim(V0)=dim(T(V0))=m. 
Q.E.D. 


