Lecture 1: Convolutional Codes .




Convolutional Codes

Block codes and convolutional codes are two major class of codes

for error correction.

From a viewpoint, convolutional codes differ form block codes in

that the encoder contains memory.

For convolutional codes, the encoder outputs at any given time
unit depend not only on the inputs at that time unit but also on

some number of previous inputs:

Ut = f(ut—m7 e 7ut—17ut)7

where v; € F* and u; € F¥.

A rate R = % convolutional encoder with memory order m can

be realized as a k-input, n-output linear sequential circuit with

input memory m.
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Convolutional Codes

Convolutional codes were first introduced by Elias in 1955.

The information and codewords of convolutional codes are of

infinite length, and therefore they are mostly referred to as

information and code sequence.

In practice, we have to truncate the convolutional codes by
zero-biting, tailbiting, or puncturing.
There are several methods to describe a convolutional codes.
1. Sequential circuit: shift register representation.

. MIMO LTI system: impulse response encoder

. Algebraic description: scalar G matrix in time domain

. Algebraic description: polynomial G matrix in Z domain,

. Combinatorial description: state diagram and trellis
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Convolutional Codes

e We emphasize differences among the terms: code, generator

matrix, and encoder.
1. Code: the set of all code sequences that can be created with a
linear mapping.
. Generator matrix: a rule for mapping information to code

sequences.

. Encoder: the realization of a generator matrix as a digital LTI

system.

e For example, one convolutional code can be generated by several

different generator matrices and each generator matrix can be
realized by different encoder, e.g., controllable and observable

encoders.
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Convolutional Codes

Summary I

Encoding | — ---¢(i — 1)e(i) - - -

up(1), c(d) = (e1(i), . .., cn(i))

G(D)|— (D) =%, ¢(i) D'

e There are two types of codes in general
— Block codes: G(D) =G = ¢(i) = u(i)G
— Convolutional codes: G(D) =Gy + G1D + -+ G, D™

= ¢(i) = u(i)Go +u(i — )Gy + -+ - u(i — m)Gy
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Convolutional Codes
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Figure 1: Encoder of block codes
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Figure 2: Encoder of convolutional codes
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Convolutional Codes

Shift register representation'
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Convolutional Codes

G

1l

c(i)

Figure 3: Encoder of block codes

e Use combinatorial logic to implement block codes.

e A information block u(¢) of length k£ at time ¢ is mapped to a

codeword c(7) of length n at time ¢ by a k X n generator matrix

for each 1, i.e., no memory.

e We denote this linear block code by C[n, k], usually, n and k are
large.
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Convolutional Codes
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Figure 4: Encoder of convolutional codes

e Use sequential logic to implement convolutional codes.

e A information sequence u of infinite length is mapped to a
codeword v of infinite length. In practice, we will output the

convolutional codes by termination, truncation, or tailbiting.
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Convolutional Codes

e Assume we use feed forward encoder with memory m, then the
codeword c¢(7) of length n at time ¢ is dependent on the current

input u(¢) and previous m inputs, u(¢ — 1), -+ ,u(i —m).

e We need m + 1 matrices Go,G1, - , G, of size k X n:

c(i) =u(i)Gog+u(i —1)G1 +u(i —2)Ga + - - - + u(i — m)Gy,

e We denote this (linear) convolutional code by C|n, k, m|, usually,

n and k are small.

10
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Convolutional Codes

Relation between block and convolutional codes

e A Convolutional code maps information blocks of length & to

code blocks of length n. This linear mapping contains memory,

because the code block depends on m previous information
blocks.

e In this sense, block codes are a special case of convolutional

codes, i.e., convolutional codes without memory.

11
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Convolutional Codes

e In practical application, convolutional codes have code sequences
of finite length. When looking at the finite generator matrix of
the created code in time domain, we find that it has a special

structure.

Because the generator matrix of a block code with corresponding
dimension generally dose not have a special structure,
convolutional codes with finite length can be considered as a
special case of block codes.

The trellis structure of convolutional codes is time-invariant, but

the trellis structure of block codes is usually time-varying.

12
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Convolutional Codes

Scalar generator matrix in the time domain I

13
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Convolutional Codes

(G matrix of block codes I

14
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Convolutional Codes

(G matrix of convolutional codes I

Go Gi
Go Gy
Go
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Convolutional Codes

Here, we assume that the initial values in the m memories are all
set to zeros.

For example, the scalar matrix shows that

c(0) = u(0)Gyg+u(—1)Gy +u(—2)Go + -+ u(—m)G,,

since u(—1)

Similarly

c(l) = u(1)Gog+u(0)Gy +u(—-1)Ga+---+u(—m+1)G,,
= u(l)Go + u(O)G1

In general, we have

u(i)Go +u(t — )Gy +u(i —2)Ga + - - +u(i — m)Gpy,
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Convolutional Codes

Impulse response of MIMO LTI systems'



Marska
文字方塊
              17

Marska
文字方塊
 


Convolutional Codes

From the scalar G matrix representation, we have

c(i) = u(t)Go+u(i —1)G1 +u(t —2)Ga + -+ u(t —m)Gp,
= u(z) X Gz

This is the form of discrete time convolutional sum, i.e., the
output ¢(7) is the convolutional sum of input sequence u(7) and
the finite impulse response (FIR) (Gg,- - ,Gpm).

In the undergraduate course of signal and system, we deal with

SISO.

Here, we have MIMO LTI systems with k£ inputs and n outputs

and thus we need k£ x n impulse responses

g =¢PM), 0<i<m, 1<i<k and1<j<n,

which can be obtained from m + 1 matrices {Go,--- ,Gr}.
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Convolutional Codes

e Correspondingly, we can associate each g§j ) with its Fourier
transform GEJ)(D) and form a k x n matrix G(D) by

G(D) = [GY (D) = Gy + G1D + GoD* + - -+ + G, D™

e This is the polynomial matrix representation of a convolutional

code.

e The k£ x n matrix g(I) consisting of impulse responses g,gj >(l) and

the k x n matrix G(D) consisting of Gf;j )(D) form a Fourier pair.

19
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Convolutional Codes

Example I

A (3,2) convolutional code with impulse response ¢(!) and transfer
function G(D):

110 111 100
010 101 111

1+D 1+ D+ D? 1
D 1+ D? 1+ D+ D?
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Convolutional Codes

LTI system representation'

e Let us use u;, ¢;, (instead of u(i), c¢(7)) to denote the information

sequence, code sequence respectively, at time 1.

e l.e., the infinite information and code sequence is

u p— u0u1u2"°ui"°

v 1)0’1)1?)2...1]?:...

e The u; consists of k bits and v; consists of n bits denoted by

NOMONONIMO

v§1)vg2)v§3) 3 _,Uzgn)
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Convolutional Codes

e Define the input sequence due to the ith stream, 1 < <k, as

(1) — u( )u( )ué )ué> .

and the output sequence due to the jth stream, 1 < 5 < n, as

o) — v(j)vy)véj)vé]) .

e A [n,k, m| convolutional code can be represented as a MIMO LTI
system with k input streams

(uD, 0@ ),

and n output streams

CIRC

Y

v(™),

and a k X n impulse response matrix g(l) = {g(j >( [)}.
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Convolutional Codes

e The jth of the n output sequence v9) is obtained by convolving
the input sequence with the corresponding system impulse

respoinse

) = (D) g g%j) +u? géj) +ny® g g(J) Zu(@) ® g(J)

e This is the origin of the name convolutional code.

() of the ith input with the response to

e The impulse response g,
the jth output is found by stimulating the encoder with the
discrete impulse (1000 - - -) at the ith input and by observing the

jth output when all other inputs are set to (0000- - - ).
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Convolutional Codes

Polynomial generator matrix in frequency domain I
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Convolutional Codes

Now introduce the delay operator D in the representation of input

sequence, output sequence, and impulse response, i.e.,

1. Use z transform

00 — u( )ug )ug)ué) e Uy(D) = Zutz’)Dt

o) — vé )vgj)véj)véj) — Vi(D) = Zvﬁj)Dt

9 = (07(0), g (m

2. 2{ux g} =U(D)G(D)
3. Vi(D) =F  U:(D)-GY) (D)

25
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Convolutional Codes

We thus have

, Where
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Convolutional Codes

Example 1 I

ovi = (1010011)

X

w=(11101)] | | <\c » = (11011001 001011)

orz = (1101001}

Figure 5: (2,1,2) convolutional code encoder
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Convolutional Codes

Input: v =(1,1,1,0,1) in time domain
In z domain:
1+ D+ D?
1+ D?
(14 D+ D?,1+ D?]
1+ D+ D*+ D*
U(D)eG(D)
1+ D?+ D" + D°
1+ D+ D°+D°

In time domain:

(1,0,1,0,0,1,1)
(1,1,0,1,0,0,1)
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Convolutional Codes

Example 2 I

w1 = (1000
v, — (1100]

uwy = (10) { :

wy = (11) /

4

w=(1101) ¢ = (110 010 000 GO1)

Figure 6: (3,2,2) convolutional code encoder
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Convolutional Codes

1 0 D
0 1 D+ D?

ve = (1,1,0,0) w3 = (0,0,0,1)
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Convolutional Codes

State diagram, tree, and trellis'
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Convolutional Codes

State diagram I

e Convolutional code HI%mtE#s » 7] & i —1# finite state machine

o il A\ (shift register) FIAZ » W] FIZKHH I states » Bt v, TERFHE ¢
TE » HERFFTED state o 81 8w, KILTE

o 7E state diagram [ > nodes AP HEHY state * BRI/ RFHIA
B (us/vy)
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Convolutional Codes

1/10

/i 1/00 1/01

(/00

Figure 7: state diagram of (2,1,2) Convolutional code
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Convolutional Codes

Code Tree of Convolutional code'

e —fl (n,k,m) Convolutional code HJ codeword A] & code tree
Tl R A

o I AMIRE A h » code tree @H (h+m + 1) f level °» /%

' node(level 0) f#7%4s origin node

o TET5CHY h levels ° &:f node f£1E 2% 1 branch * {1F level
(h+m) » &4 ERHE 27* i nodes ° 4y terminal nodes

o it origin node 2l terminal FUESTERE & code path * A] K TR—
fl code word



Marska
文字方塊
              34

Marska
文字方塊
 


Convolutional Codes
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Figure 8: state tree of (2,1,2) Convolutional code
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Convolutional Codes

Trellises of Convolutional code'

o % code tree LY node * HAEMER S HFEFIEIR state » B4

Convolutional code HYJ code trellis

o #1A— (nk,m) #J Convolutional code * state HJE{ETE level m

Rl B K=" K K R EEARRE > 7L level
I FFE 25 ] nodes

e terminal node RAG—E5 » H &R 3| &)k RE

o 1t origin node 2l terminal node BYEELE » A AR~ —1
codeword
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Convolutional Codes

Terminal

Jaode

Figure 9: trellis of (2,1,2) Convolutional code

37
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Convolutional Codes

Structural properties of Convolutional codes'

Convolutional encoder is a linear sequential circuit, it’s operation can
be describe by a state diagram.The state of an encoder is defined as
its shift register contents.
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Convolutional Codes

For an (n,k,v) encoder
The encoder state o; at time unit [ is the binary v-tuple

1 1 1 2 2 2 k k k
o1 = (oo, oy 2, sl )

Each branch in the state diagram is labeled with the k inputs
1) (2 k
(ul( ),ul( ),...,ul( ))

causing the transition and the n corresponding output

1 2 n—1
(fvl(),vl(),...,vl( ))
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Convolutional Codes

(2,1,3) encoder
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Convolutional Codes

State diagrams for (2,1,3) encoder

1/10

/i 1/00 1/01
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